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Abstract
Previous work has explored the connections between three concepts—operator
size, complexity, and the bulk radial momentum of an infalling object—in the context
of JT gravity and the SYK model. In this paper we investigate the higher dimensional
generalizations of these connections. We use a toy model to study the growth of an
operator when perturbing the vacuum of a CFT. From circuit analysis we relate the
operator growth to the rate of increase of complexity and check it by complexity-
volume duality. We further give an empirical formula relating complexity and the
bulk radial momentum that works from the time that the perturbation just comes
in from the cutoff boundary, to after the scrambling time.
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1 Introduction
In [1] it was conjectured that as an object falls toward a gravitating mass, the increase of
bulk radial momentum is related to the growth of boundary operators. The relation was
best understood in the case of AdS2 gravity and SYK[2][3]. It was also pointed out that
even in the absence of an explicit gravitating mass, vacuuum AdS2 itself has a gravitational
field (due to the vacuum energy) that attracts objects to the center, and that that falling
through empty AdS2 is also accompanied by operator growth [4].
On the other hand, from the study of the SL(2) symmetry generators in JT gravity[5],
the momentum generator can be directly related to complexity by 2piP = dC
dt
. The known
relation between complexity and operator size then ties the three concepts together—
momentum, size, and complexity [4]. In this paper we will generalize this connection
between operator growth, complexity, and radial momentum to higher dimensions.
In the presence of a black hole, operator growth in the scrambling regime was well
studied[6][7][8][9][10]. It can be analyzed by an epidemic toy model [9]. In this paper, we
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look at a different regime—the vacuum AdS regime—and consider the growth of operators
size when perturbing empty CFT.
To define size, the first question one needs to answer is, what are the size-one objects?
In SYK, the size-one objects are fermions.1 In the scrambling regime, the size-one objects
are thermal scale quanta[6]. In the vacuum regime, we will see that the size-one objects are
energy scale dependent. As the perturbation flows from UV to IR, the basic excitations
carry lower and lower energy and the number of excitations increases. Size counts the
number of these basic excitations. From the bulk point of view, the particle falls into a
deeper and deeper radial location and gets a higher and higher momentum. We study this
process by a toy model of gluon-spitting and see that the operator size grows linearly in
time in this regime, and this parallels the linear growth of momentum.
It is well known that operator growth is also related to the increase of complexity[9][10]:
size = dC
dτ
where τ is the circuit time. In the scrambling regime the conversion factor be-
tween the circuit time and the boundary time is 2pi
β
. In the vacuum regime the conversion
factor between the circuit time and the boundary time is again energy scale dependent.
Taking account of this factor one can show that complexity also grows linearly in time.
From another direction, the change of complexity is related to the change of bulk vol-
ume after the perturbation[8]. We compute the volume change right after perturbing the
vacuum by a spherically symmetric perturbation and see that it indeed implies that the
complexity grows linearly in time.
The relation between operator size and momentum near the Rindler region was pointed
out in [1]. The relation between operator size/complexity and momentum in AdS2 throat
was studied in [2][3][4][5]. We propose a formula relating the radial momentum to the rate
of increase of complexity: λ¯
2pi
dC
dt
= 2piP where λ¯ is the dimensionless boundary wavelength
of the excitation,
λ¯ =
λ
2pilAdS
. (1.1)
This formula works in AdS2 as well as higher dimensions, from the time that the
perturbation comes in from the cutoff boundary, until after the scrambling time. It is an
empirical formula that is justified by the results. It would be interesting to give a first
principles derivation.
The rest of the paper is organized as follows. In section 2 we review the connections
1The size needs to be renormalized at finite temperature. See [3].
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between operator growth, complexity increase, and particle momentum in AdS2 gravity
and SYK. In section 3 we study the operator growth in spacetime dimension D ≥ 3
and introduce a gluon-splitting toy model describing the growth of the operator when we
perturb the vacuum of a CFT. In section 4 we relate the operator growth to complexity
increase and compare our toy model analysis with a CV calculation. In section 5 we make
a connection between the rate of increase of complexity and the bulk radial momentum.
We check it in various examples. We conclude the paper in section 6 and point out some
unanswered questions.
2 Review of operator growth in SYK and infalling
particle in AdS2
The growth of a simple operator under time evolution in SYK was studied in [11][3].
Starting from one fermion ψ1, the average number of fermions making up the operator
ψ1(t) increases as time increases. In [1][2] it was pointed out the growth of the operator
corresponds to the increase of the particle momentum as it falls in. More precisely, in
AdS2 geometry and SYK we have
sβ(ψ(t)) = Pβ˜ (2.2)
In the above equation, sβ(ψ(t)) represents the average number of fermions in the operator
ψ(t) in a state with temperature 1
β
[3]. The operator ψ(t) produces an infalling particle in
the dual bulk geometry. On the right hand side of equation (2.2), P is the radial momentum
of the particle. T˜ = 1
β˜
is the local energy scale depending on the radial location of the
particle[2].
From another point of view, one can look for the SL(2) symmetry generators of AdS2
in JT gravity[5][4]. The momentum generator was found to be
P ∼ NJ dL
dt
(2.3)
where L is the length of the wormhole and J is the energy scale in SYK .
In fact, (2.2) and (2.3) are related. From CV duality[8], one can rewrite (2.3) as
2piP =
dC
dt
(2.4)
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From quantum circuit consideration, one can relate the operator size to the complexity of
the perturbed state[9][10]. Then from (2.4) we can recover (2.2).
2piP =
dC
dt
=
dC
dτ
dτ
dt
= s
2pi
β˜
where τ is the circuit time. β˜ gives the transformation between circuit time and boundary
time.
In what follows, we will generalize the above discussions to bulk dimensions D ≥ 3.
3 Operator growth in higher dimensions
In this section we consider toy models of operator growth in higher dimension. In the
presence of a black hole the scrambling regime can be modeled by an epidemic picture
[9][10] in which the system is modeled by S qubits, and we perturb the system by throw-
ing in δS extra qubits. The number of qubits affected by these δS extra qubits grows
exponentially in time until saturation. In this section, we will study a different regime
(perturbed vacuum) and fit the two regimes together.
3.1 A toy model: gluon splitting picture
The gluon-splitting model we will use is an extrapolation of weakly coupled gauge theory
into the strongly coupled region. For weak coupling, gym << 1, the model could be derived
from perturbation theory. Our assumption, which is not new, is that the concept of a gluon
and its splitting into a cascade of lower energy gluons has a strongly coupled limit.
In order to be concrete we introduce a cutoff into the CFT corresponding to a maximum
value of the radial coordinate rc. We then consider a local gauge invariant operator—for
example a single trace operator—in the cutoff theory and smear it over space (but not
time) so that the tranverse momentum that it injects into the bulk is small. Such an
operator will inject an finite energy E into the bulk corresponding to a pair of oppositely
moving gluons in the boundary theory. The wavelengths of the gluons is equal to the
cutoff. We say that each high energy gluon has size one.
Such an UV perturbation will flow to the IR. At step one, it splits into four gluons,
each with energy E
4
. At step two we have eight gluons, each with energy E
8
. At step n, we
will have 2× 2n gluons, each with energy E
2n+1
. Each step takes longer time as we flow to
IR. If step one takes time δt, step two will take time 2δt, and step n takes time 2nδt.
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In perturbation theory the rate of gluon splitting is proportional to g2ym. One would
find
f(gym)δt ∼ l
2
ads
rc
where f(gym) is an expansion in powers of the coupling. Our model assumes that f(gym)
tends to a constant ∼ 1 at large coupling, but that otherwise perturbative reasoning makes
sense.
If the process starts at time t = 0, step n happens at time 2nδt. Notice that this
discrete time step is essentially RG step[12][13]. We see that the size grows exponentially
in RG steps and linearly in time.
s(n) = s02
n (3.5)
s(t) = s0
t
δt
(3.6)
where s0 is the initial size.
To summarize, our basic hypothesis is that the gluons are the objects of size one, and
that the size of the growing operator is simply the number of gluons in the cascade. As
time advances the number of gluons grows while the energy of each gluon decreases. The
wavelength of the gluons grows accordingly. And of course from UV-IR connection[14],
lower energy in the boundary theory corresponds to deeper radial location in the bulk.
Next we compare the above toy model to AdS bulk geometry. We consider AdSD in
the following coordinates:
ds2 = −
(
r2
l2
+ 1
)
dt2 +
dr2
r2
l2
+ 1
+ r2dΩ2D−2 (3.7)
The radial location r corresponds to boundary excitations with dimensionless wave-
length λ¯(r) = 2pil
r
.2 In other words, when the bulk particle is at radial location r, we count
2Consider a sphere of radius r. The number of degrees of freedom inside such a sphere is r
D−2
lD−2p
∼
N2 r
D−2
lD−2 . The number of unit cells is given by
rD−2
lD−2 . So each cell has wavelength ∼ lr . The factor of 2pi is
chosen here to simplify later expressions.
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the number of gluons with energy 1
lλ¯(r)
. The size is given by
s(r) = Elλ¯(r)
Say, we create some excitation with energy E at cutoff surface with radius rc. The
initial size is given by s0 =
2piEl2
rc
. When the particle reaches radius r, its size becomes
s(r) = 2piE
l2
r
= s0
rc
r
(3.8)
Alternatively, at large r, the radial proper distance ρ from the surface with radius r to
the cutoff surface satisfies rc
r
= e
ρ
l . We can identify the radial proper distance ρ with RG
step:
n log 2 ∼ ρ
l
.
Then (3.8) is the same as (3.5):
s(ρ) = s0e
ρ
l
We look at the time dependence. Consider a particle falling into AdS. Assume r
l
 1,
the radial geodesic satisfies
l2
r2
=
l2
r2c
+
t2
l2
(3.9)
From the relation between radial location and boundary wavelength, (3.9) can also be
written as (
λ¯(r)
2pi
)2
=
(
λ¯(rc)
2pi
)2
+
t2
l2
(3.10)
With rc →∞, we have λ¯(r)2pi = tl . The wave length of size-one object increases linearly
in time. Then (3.8) can be written as
s(t) = 2piEt (3.11)
(3.11) is the same with (3.6) if we identify δt = s0
2piE
= l
2
rc
.
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3.1.1 The radius of gyration
We look at these size-one objects from another perspective. In [15] Coleman and Smarr de-
fined the following quantity. Consider non-singular solution of classical gauge field theory.
Let R2 =
∑3
i x
ixi.
R¯(t)2 ≡
∫
d3xR2T 00(t)/E
where E =
∫
d3xT 00. R¯(t) is called the radius of gyration. Assume T is conserved and
traceless, one has
R¯(t)2 = R20 + t
2. (3.12)
The authors discussed classical field theory. The properties they used are: 1. The stress-
energy tensor falls off fast enough at infinity. 2. The stress energy tensor is conserved:
∂µT
µν = 0. 3. Scale invariance: T µµ = 0. As these properties can be generalized to
quantum theory for the vacuum of CFT, their conclusion holds in the quantum theory if
we consider expectation value of operators. Note that these are also the assumptions we
used in the gluon-splitting toy model.
From its definition, R¯(t) is the typical wavelength of the excitation. We also see that
(3.12) is exactly the same with (3.9)(3.10) when we identify R¯
l
= λ¯
2pi
= l
r
.
If we start from a local excitation from the boundary, R0 ≈ 0 and R¯(t) ≈ t. The
wavelength of size-one object increases linearly in time as discussed in the gluon-splitting
model.
3.2 Perturbing finite temperature state
So far our discussion was in the vacuum state of a CFT. In this section we look at a finite
temperature state. The dual geometry contains a black hole (Figure 1).
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2D−2
where f(r) = r
2
l2
− 2m
rD−3 + 1.
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Figure 1
We take D = 3 and look at BTZ black hole where f(r) =
r2−r2h
l2
. A timelike geodesic
released at time zero from some cutoff radius r = rc satisfies
l2
r2
=
l2
r2c
+
(
l2
r2h
− l
2
r2c
)
tanh2
(rh
l2
t
)
≈ l
2
r2h
tanh2
(rh
l2
t
)
(3.13)
rh is the horizon radius. If we compare (3.13) with (3.9), we see that unlike the vacuum
case, the energy scale stops decreasing once reaching temperature scale: λ¯
2pi
= l
r
≈ l
rh
= β
2pil
.
At energy scales larger than the temperature, the particle sees vacuum and earlier
discussion applies. The size in vacuum is given by
s(r) = Elλ¯(r) = 2piE
l2
r
s(t) = 2piE
l2
rh
tanh
(rh
l2
t
)
≈ 2piEt, t < l
2
rh
As r decreases, λ¯(r) increases and the particle size increases linearly in time. This process
continues until the energy scale equals the temperature, i.e., λ¯(r)
2pi
= l
rh
= β
2pil
, at which
point the size becomes
s1 = Eβ = δS (3.14)
At this point, the exciation is made of δS quanta with thermal scale energy. Note that
8
from (3.14) δS is nothing but the increase of black hole entropy due to this perturbation.
After this, we enter the scrambling regime and the operator size increases exponentially
in time until saturation [9][10].
s(t) =
δSe
2pi
β
(
t− l2
rh
)
1 + δS
S
e
2pi
β
(t− l2
rh
)
≈
{
δSe
2pi
β
(t− l2
rh
) l2
rh
< t < β
2pi
log S
δS
S t > β
2pi
log S
δS
(3.15)
In scrambling regime the energy scale no longer changes.
4 Operator growth and complexity increase
4.1 Quantum circuit consideration
In [9][10] it was argued that the operator size growth is related to complexity increase.
Roughly speaking, in each circuit time step, the increase of complexity equals to the size
of the operator at that instant: dC
dτ
= s(τ) where τ is circuit time.
Note that the circuit time τ is not the same as boundary time t. In vacuum regime
when a particle falls into empty AdS, the circuit time is the RG step. It corresponds to
the radial proper distance ρ. If we want to know what is dC
dt
, we need to relate the circuit
time to boundary time: dτ
dt
= 2pi
β˜
where T˜ = 1
β˜
is the local energy scale. In vacuum AdS
regime,
β˜ = lλ¯(r) = 2pi
l2
r
dC
dt
=
dC
dτ
dτ
dt
= s(τ)
2pi
β˜
= Elλ¯
2pi
lλ¯
= 2piE
The complexity in the vacuum regime is given by
C(t) = C0 + 2piEt, t < l
2
rh
. (4.16)
In near-Rindler regime, dτ
dt
= 2pi
β
and the complexity is given in [9][10].
C(t) = C0 + δS + S log
(
1 +
δS
S
e
2pi
β
(t− l2
rh
)
)
≈ C0 + δS +
{
δSe
2pi
β
(t− l2
rh
) l2
rh
< t < β
2pi
log S
δS
S
(
t− β
2pi
log S
δS
)
t > β
2pi
log S
δS
(4.17)
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.In section 5 we will compare the rate of increase of complexity in (4.16) (4.17) with
the bulk radial momentum of an infalling object .
4.2 Complexity from holography
Following complexity-volume duality[8], we can also estimate the change of complexity
from the change of volume after a perturbation comes in[16]. The match of volume increase
of the wormhole and complexity increase in epidemic model during and after scrambling
regime was well checked[8][9][10][17][18][19]. In this paper, we look at the increase of
volume in the vacuum regime. We will use the relation
C = (D − 2) Vol
4GN l
(4.18)
where D is bulk spacetime dimension. The dimensional dependent factor D − 2 is chosen
such that at late time, the complexity of a large black hole increases as C ∼ 2piMt where
M is the mass of the black hole.
4.2.1 Spherically symmetric perturbation
We consider the following geometry. Before the particle comes in, we have vacuum AdS
with metric
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2D−2
where f(r) = r
2
l2
+ 1. After the particle comes, the metric has the same form with
f˜(r) =
r2
l2
+ 1− 2m
rD−3
where
m =
8piGNE
(D − 2)Vol(ΩD−2)
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<latexit sha1_base64="4w3 60bzok5Zsfw/gtbwIapZO0Xo=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDE qz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+we FR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0 T+SDmaYYxHQkecQZNVZqZYNqza27C5B14hWkBgWag+pXf5iwL EZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZU hiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJ louiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3 XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+d j2VpyiplT+APn8wfcQ4zn</latexit><latexit sha1_base64="4w3 60bzok5Zsfw/gtbwIapZO0Xo=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDE qz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+we FR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0 T+SDmaYYxHQkecQZNVZqZYNqza27C5B14hWkBgWag+pXf5iwL EZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZU hiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJ louiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3 XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+d j2VpyiplT+APn8wfcQ4zn</latexit><latexit sha1_base64="4w3 60bzok5Zsfw/gtbwIapZO0Xo=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDE qz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+we FR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0 T+SDmaYYxHQkecQZNVZqZYNqza27C5B14hWkBgWag+pXf5iwL EZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZU hiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJ louiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3 XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+d j2VpyiplT+APn8wfcQ4zn</latexit><latexit sha1_base64="4w3 60bzok5Zsfw/gtbwIapZO0Xo=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDE qz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+we FR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0 T+SDmaYYxHQkecQZNVZqZYNqza27C5B14hWkBgWag+pXf5iwL EZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFoTNyYZU hiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJ louiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmbTcWG4K2+vE7aV3 XPrXut61rDLeIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+d j2VpyiplT+APn8wfcQ4zn</latexit>
u
<latexit sha1 _base64="4w360bzok5Zsfw/g tbwIapZO0Xo=">AAAB6HicbV BNS8NAEJ3Ur1q/qh69LBbBU0l E0GPBi8cWTFtoQ9lsJ+3azSbs boQS+gu8eFDEqz/Jm//GbZuDt j4YeLw3w8y8MBVcG9f9dkobm1 vbO+Xdyt7+weFR9fikrZNMMf RZIhLVDalGwSX6hhuB3VQhjUO BnXByN/c7T6g0T+SDmaYYxHQk ecQZNVZqZYNqza27C5B14hWkB gWag+pXf5iwLEZpmKBa9zw3NU FOleFM4KzSzzSmlE3oCHuWSh qjDvLFoTNyYZUhiRJlSxqyUH9 P5DTWehqHtjOmZqxXvbn4n9fL THQb5FymmUHJlouiTBCTkPnXZ MgVMiOmllCmuL2VsDFVlBmbT cWG4K2+vE7aV3XPrXut61rDLe IowxmcwyV4cAMNuIcm+MAA4Rl e4c15dF6cd+dj2VpyiplT+APn 8wfcQ4zn</latexit><latexit sha1 _base64="4w360bzok5Zsfw/g tbwIapZO0Xo=">AAAB6HicbV BNS8NAEJ3Ur1q/qh69LBbBU0l E0GPBi8cWTFtoQ9lsJ+3azSbs boQS+gu8eFDEqz/Jm//GbZuDt j4YeLw3w8y8MBVcG9f9dkobm1 vbO+Xdyt7+weFR9fikrZNMMf RZIhLVDalGwSX6hhuB3VQhjUO BnXByN/c7T6g0T+SDmaYYxHQk ecQZNVZqZYNqza27C5B14hWkB gWag+pXf5iwLEZpmKBa9zw3NU FOleFM4KzSzzSmlE3oCHuWSh qjDvLFoTNyYZUhiRJlSxqyUH9 P5DTWehqHtjOmZqxXvbn4n9fL THQb5FymmUHJlouiTBCTkPnXZ MgVMiOmllCmuL2VsDFVlBmbT cWG4K2+vE7aV3XPrXut61rDLe IowxmcwyV4cAMNuIcm+MAA4Rl e4c15dF6cd+dj2VpyiplT+APn 8wfcQ4zn</latexit><latexit sha1 _base64="4w360bzok5Zsfw/g tbwIapZO0Xo=">AAAB6HicbV BNS8NAEJ3Ur1q/qh69LBbBU0l E0GPBi8cWTFtoQ9lsJ+3azSbs boQS+gu8eFDEqz/Jm//GbZuDt j4YeLw3w8y8MBVcG9f9dkobm1 vbO+Xdyt7+weFR9fikrZNMMf RZIhLVDalGwSX6hhuB3VQhjUO BnXByN/c7T6g0T+SDmaYYxHQk ecQZNVZqZYNqza27C5B14hWkB gWag+pXf5iwLEZpmKBa9zw3NU FOleFM4KzSzzSmlE3oCHuWSh qjDvLFoTNyYZUhiRJlSxqyUH9 P5DTWehqHtjOmZqxXvbn4n9fL THQb5FymmUHJlouiTBCTkPnXZ MgVMiOmllCmuL2VsDFVlBmbT cWG4K2+vE7aV3XPrXut61rDLe IowxmcwyV4cAMNuIcm+MAA4Rl e4c15dF6cd+dj2VpyiplT+APn 8wfcQ4zn</latexit><latexit sha1 _base64="4w360bzok5Zsfw/g tbwIapZO0Xo=">AAAB6HicbV BNS8NAEJ3Ur1q/qh69LBbBU0l E0GPBi8cWTFtoQ9lsJ+3azSbs boQS+gu8eFDEqz/Jm//GbZuDt j4YeLw3w8y8MBVcG9f9dkobm1 vbO+Xdyt7+weFR9fikrZNMMf RZIhLVDalGwSX6hhuB3VQhjUO BnXByN/c7T6g0T+SDmaYYxHQk ecQZNVZqZYNqza27C5B14hWkB gWag+pXf5iwLEZpmKBa9zw3NU FOleFM4KzSzzSmlE3oCHuWSh qjDvLFoTNyYZUhiRJlSxqyUH9 P5DTWehqHtjOmZqxXvbn4n9fL THQb5FymmUHJlouiTBCTkPnXZ MgVMiOmllCmuL2VsDFVlBmbT cWG4K2+vE7aV3XPrXut61rDLe IowxmcwyV4cAMNuIcm+MAA4Rl e4c15dF6cd+dj2VpyiplT+APn 8wfcQ4zn</latexit>
v
<la texit sha1_ base64 ="VyY dSJLM8 lRGq5 RByDMp 1lwjD HM=">A AAB6H icbVBN S8NAE J3Ur1q /qh69 LBbBU0 lEqMe CF48t2 A9oQ9 lsJ+3a zSbsb gol9Bd 48aCI V3+SN/ +N2zY HbX0w8 Hhvhp l5QSK4 Nq777 RS2tnd 294r7 pYPDo+ OT8ulZ W8epY thisYh VN6Aa BZfYMt wI7CY KaRQI7 AST+4 XfmaLS PJaPZ pagH9G R5CFn 1FipOR 2UK27 VXYJsE i8nFc jRGJS/ +sOYp RFKwwT Vuue5 ifEzqg xnAue lfqoxo WxCR9 izVNII tZ8tD 52TK6s MSRgr W9KQpf p7IqO R1rMos J0RNW O97i3E /7xea sI7P+M ySQ1K tloUpo KYmCy +JkOuk Bkxs4 Qyxe2t hI2po szYbEo 2BG/9 5U3Svq l6btV r3lbqb h5HES 7gEq7B gxrU4 QEa0AI GCM/w Cm/Ok/ PivDs fq9aCk 8+cwx 84nz/d x4zo< /latex it><la texit sha1_ base64 ="VyY dSJLM8 lRGq5 RByDMp 1lwjD HM=">A AAB6H icbVBN S8NAE J3Ur1q /qh69 LBbBU0 lEqMe CF48t2 A9oQ9 lsJ+3a zSbsb gol9Bd 48aCI V3+SN/ +N2zY HbX0w8 Hhvhp l5QSK4 Nq777 RS2tnd 294r7 pYPDo+ OT8ulZ W8epY thisYh VN6Aa BZfYMt wI7CY KaRQI7 AST+4 XfmaLS PJaPZ pagH9G R5CFn 1FipOR 2UK27 VXYJsE i8nFc jRGJS/ +sOYp RFKwwT Vuue5 ifEzqg xnAue lfqoxo WxCR9 izVNII tZ8tD 52TK6s MSRgr W9KQpf p7IqO R1rMos J0RNW O97i3E /7xea sI7P+M ySQ1K tloUpo KYmCy +JkOuk Bkxs4 Qyxe2t hI2po szYbEo 2BG/9 5U3Svq l6btV r3lbqb h5HES 7gEq7B gxrU4 QEa0AI GCM/w Cm/Ok/ PivDs fq9aCk 8+cwx 84nz/d x4zo< /latex it><la texit sha1_ base64 ="VyY dSJLM8 lRGq5 RByDMp 1lwjD HM=">A AAB6H icbVBN S8NAE J3Ur1q /qh69 LBbBU0 lEqMe CF48t2 A9oQ9 lsJ+3a zSbsb gol9Bd 48aCI V3+SN/ +N2zY HbX0w8 Hhvhp l5QSK4 Nq777 RS2tnd 294r7 pYPDo+ OT8ulZ W8epY thisYh VN6Aa BZfYMt wI7CY KaRQI7 AST+4 XfmaLS PJaPZ pagH9G R5CFn 1FipOR 2UK27 VXYJsE i8nFc jRGJS/ +sOYp RFKwwT Vuue5 ifEzqg xnAue lfqoxo WxCR9 izVNII tZ8tD 52TK6s MSRgr W9KQpf p7IqO R1rMos J0RNW O97i3E /7xea sI7P+M ySQ1K tloUpo KYmCy +JkOuk Bkxs4 Qyxe2t hI2po szYbEo 2BG/9 5U3Svq l6btV r3lbqb h5HES 7gEq7B gxrU4 QEa0AI GCM/w Cm/Ok/ PivDs fq9aCk 8+cwx 84nz/d x4zo< /latex it><la texit sha1_ base64 ="VyY dSJLM8 lRGq5 RByDMp 1lwjD HM=">A AAB6H icbVBN S8NAE J3Ur1q /qh69 LBbBU0 lEqMe CF48t2 A9oQ9 lsJ+3a zSbsb gol9Bd 48aCI V3+SN/ +N2zY HbX0w8 Hhvhp l5QSK4 Nq777 RS2tnd 294r7 pYPDo+ OT8ulZ W8epY thisYh VN6Aa BZfYMt wI7CY KaRQI7 AST+4 XfmaLS PJaPZ pagH9G R5CFn 1FipOR 2UK27 VXYJsE i8nFc jRGJS/ +sOYp RFKwwT Vuue5 ifEzqg xnAue lfqoxo WxCR9 izVNII tZ8tD 52TK6s MSRgr W9KQpf p7IqO R1rMos J0RNW O97i3E /7xea sI7P+M ySQ1K tloUpo KYmCy +JkOuk Bkxs4 Qyxe2t hI2po szYbEo 2BG/9 5U3Svq l6btV r3lbqb h5HES 7gEq7B gxrU4 QEa0AI GCM/w Cm/Ok/ PivDs fq9aCk 8+cwx 84nz/d x4zo< /latex it>
r = 0
<latexit sha1 _base64="W4KDXTnLXVimRnCM dt5AU7NOwsc=">AAAB7HicbV A9SwNBEJ2LXzF+RS1tFoNgFfZ E0EYI2FhG8GIgOcLeZi9Zsrd3 7M4JIeQ32FgoYusPsvPfuEmu0 MQHA4/3ZpiZF2VKWqT02yutrW 9sbpW3Kzu7e/sH1cOjlk1zw0 XAU5WadsSsUFKLACUq0c6MYEm kxGM0up35j0/CWJnqBxxnIkzY QMtYcoZOCgy5IbRXrdE6nYOsE r8gNSjQ7FW/uv2U54nQyBWztu PTDMMJMyi5EtNKN7ciY3zEBq LjqGaJsOFkfuyUnDmlT+LUuNJ I5urviQlLrB0nketMGA7tsjcT //M6OcbX4UTqLEeh+WJRnCuCK Zl9TvrSCI5q7AjjRrpbCR8yw zi6fCouBH/55VXSuqj7tO7fX9 YatIijDCdwCufgwxU04A6aEAA HCc/wCm+e9l68d+9j0Vryiplj +APv8wd0Z425</latexit><latexit sha1 _base64="W4KDXTnLXVimRnCM dt5AU7NOwsc=">AAAB7HicbV A9SwNBEJ2LXzF+RS1tFoNgFfZ E0EYI2FhG8GIgOcLeZi9Zsrd3 7M4JIeQ32FgoYusPsvPfuEmu0 MQHA4/3ZpiZF2VKWqT02yutrW 9sbpW3Kzu7e/sH1cOjlk1zw0 XAU5WadsSsUFKLACUq0c6MYEm kxGM0up35j0/CWJnqBxxnIkzY QMtYcoZOCgy5IbRXrdE6nYOsE r8gNSjQ7FW/uv2U54nQyBWztu PTDMMJMyi5EtNKN7ciY3zEBq LjqGaJsOFkfuyUnDmlT+LUuNJ I5urviQlLrB0nketMGA7tsjcT //M6OcbX4UTqLEeh+WJRnCuCK Zl9TvrSCI5q7AjjRrpbCR8yw zi6fCouBH/55VXSuqj7tO7fX9 YatIijDCdwCufgwxU04A6aEAA HCc/wCm+e9l68d+9j0Vryiplj +APv8wd0Z425</latexit><latexit sha1 _base64="W4KDXTnLXVimRnCM dt5AU7NOwsc=">AAAB7HicbV A9SwNBEJ2LXzF+RS1tFoNgFfZ E0EYI2FhG8GIgOcLeZi9Zsrd3 7M4JIeQ32FgoYusPsvPfuEmu0 MQHA4/3ZpiZF2VKWqT02yutrW 9sbpW3Kzu7e/sH1cOjlk1zw0 XAU5WadsSsUFKLACUq0c6MYEm kxGM0up35j0/CWJnqBxxnIkzY QMtYcoZOCgy5IbRXrdE6nYOsE r8gNSjQ7FW/uv2U54nQyBWztu PTDMMJMyi5EtNKN7ciY3zEBq LjqGaJsOFkfuyUnDmlT+LUuNJ I5urviQlLrB0nketMGA7tsjcT //M6OcbX4UTqLEeh+WJRnCuCK Zl9TvrSCI5q7AjjRrpbCR8yw zi6fCouBH/55VXSuqj7tO7fX9 YatIijDCdwCufgwxU04A6aEAA HCc/wCm+e9l68d+9j0Vryiplj +APv8wd0Z425</latexit><latexit sha1 _base64="W4KDXTnLXVimRnCM dt5AU7NOwsc=">AAAB7HicbV A9SwNBEJ2LXzF+RS1tFoNgFfZ E0EYI2FhG8GIgOcLeZi9Zsrd3 7M4JIeQ32FgoYusPsvPfuEmu0 MQHA4/3ZpiZF2VKWqT02yutrW 9sbpW3Kzu7e/sH1cOjlk1zw0 XAU5WadsSsUFKLACUq0c6MYEm kxGM0up35j0/CWJnqBxxnIkzY QMtYcoZOCgy5IbRXrdE6nYOsE r8gNSjQ7FW/uv2U54nQyBWztu PTDMMJMyi5EtNKN7ciY3zEBq LjqGaJsOFkfuyUnDmlT+LUuNJ I5urviQlLrB0nketMGA7tsjcT //M6OcbX4UTqLEeh+WJRnCuCK Zl9TvrSCI5q7AjjRrpbCR8yw zi6fCouBH/55VXSuqj7tO7fX9 YatIijDCdwCufgwxU04A6aEAA HCc/wCm+e9l68d+9j0Vryiplj +APv8wd0Z425</latexit>
t = 0
<latexit sha1_base64="9nZ q5iUSYWh2BUvLvM4AQkqRR2Y=">AAAB7HicbVA9SwNBEJ2LXzF +RS1tFoNgFfZE0EYI2FhG8GIgOcLeZi9Zsrd37M4JIeQ32Fgo YusPsvPfuEmu0MQHA4/3ZpiZF2VKWqT02yutrW9sbpW3Kzu7e/ sH1cOjlk1zw0XAU5WadsSsUFKLACUq0c6MYEmkxGM0up35j0/C WJnqBxxnIkzYQMtYcoZOCpDcENqr1midzkFWiV+QGhRo9qpf3 X7K80Ro5IpZ2/FphuGEGZRciWmlm1uRMT5iA9FxVLNE2HAyP3Z KzpzSJ3FqXGkkc/X3xIQl1o6TyHUmDId22ZuJ/3mdHOPrcCJ1 lqPQfLEozhXBlMw+J31pBEc1doRxI92thA+ZYRxdPhUXgr/88i ppXdR9WvfvL2sNWsRRhhM4hXPw4QoacAdNCICDhGd4hTdPey/ eu/exaC15xcwx/IH3+QN3d427</latexit><latexit sha1_base64="9nZ q5iUSYWh2BUvLvM4AQkqRR2Y=">AAAB7HicbVA9SwNBEJ2LXzF +RS1tFoNgFfZE0EYI2FhG8GIgOcLeZi9Zsrd37M4JIeQ32Fgo YusPsvPfuEmu0MQHA4/3ZpiZF2VKWqT02yutrW9sbpW3Kzu7e/ sH1cOjlk1zw0XAU5WadsSsUFKLACUq0c6MYEmkxGM0up35j0/C WJnqBxxnIkzYQMtYcoZOCpDcENqr1midzkFWiV+QGhRo9qpf3 X7K80Ro5IpZ2/FphuGEGZRciWmlm1uRMT5iA9FxVLNE2HAyP3Z KzpzSJ3FqXGkkc/X3xIQl1o6TyHUmDId22ZuJ/3mdHOPrcCJ1 lqPQfLEozhXBlMw+J31pBEc1doRxI92thA+ZYRxdPhUXgr/88i ppXdR9WvfvL2sNWsRRhhM4hXPw4QoacAdNCICDhGd4hTdPey/ eu/exaC15xcwx/IH3+QN3d427</latexit><latexit sha1_base64="9nZ q5iUSYWh2BUvLvM4AQkqRR2Y=">AAAB7HicbVA9SwNBEJ2LXzF +RS1tFoNgFfZE0EYI2FhG8GIgOcLeZi9Zsrd37M4JIeQ32Fgo YusPsvPfuEmu0MQHA4/3ZpiZF2VKWqT02yutrW9sbpW3Kzu7e/ sH1cOjlk1zw0XAU5WadsSsUFKLACUq0c6MYEmkxGM0up35j0/C WJnqBxxnIkzYQMtYcoZOCpDcENqr1midzkFWiV+QGhRo9qpf3 X7K80Ro5IpZ2/FphuGEGZRciWmlm1uRMT5iA9FxVLNE2HAyP3Z KzpzSJ3FqXGkkc/X3xIQl1o6TyHUmDId22ZuJ/3mdHOPrcCJ1 lqPQfLEozhXBlMw+J31pBEc1doRxI92thA+ZYRxdPhUXgr/88i ppXdR9WvfvL2sNWsRRhhM4hXPw4QoacAdNCICDhGd4hTdPey/ eu/exaC15xcwx/IH3+QN3d427</latexit><latexit sha1_base64="9nZ q5iUSYWh2BUvLvM4AQkqRR2Y=">AAAB7HicbVA9SwNBEJ2LXzF +RS1tFoNgFfZE0EYI2FhG8GIgOcLeZi9Zsrd37M4JIeQ32Fgo YusPsvPfuEmu0MQHA4/3ZpiZF2VKWqT02yutrW9sbpW3Kzu7e/ sH1cOjlk1zw0XAU5WadsSsUFKLACUq0c6MYEmkxGM0up35j0/C WJnqBxxnIkzYQMtYcoZOCpDcENqr1midzkFWiV+QGhRo9qpf3 X7K80Ro5IpZ2/FphuGEGZRciWmlm1uRMT5iA9FxVLNE2HAyP3Z KzpzSJ3FqXGkkc/X3xIQl1o6TyHUmDId22ZuJ/3mdHOPrcCJ1 lqPQfLEozhXBlMw+J31pBEc1doRxI92thA+ZYRxdPhUXgr/88i ppXdR9WvfvL2sNWsRRhhM4hXPw4QoacAdNCICDhGd4hTdPey/ eu/exaC15xcwx/IH3+QN3d427</latexit>
t
<latexit sha1_base64="Qk7 DGQH3OPJEXif4nPfbwBLKqno=">AAAB6XicbVA9SwNBEJ2LXzF +RS1tFoNgFfZE0DJgYxnFxEByhL3NXrJkb+/YnRPCkX9gY6GI rf/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R 9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbjm5n/+CSM lYl+wEkqgpgNtYwkZ+ikeyT9ao3W6RxklfgFqUGBZr/61RskP IuFRq6YtV2fphjkzKDkSkwrvcyKlPExG4quo5rFwgb5/NIpOXP KgESJcaWRzNXfEzmLrZ3EoeuMGY7ssjcT//O6GUbXQS51mqHQ fLEoyhTBhMzeJgNpBEc1cYRxI92thI+YYRxdOBUXgr/88ippX9 R9WvfvLmsNWsRRhhM4hXPw4QoacAtNaAGHCJ7hFd68sffivXs fi9aSV8wcwx94nz8wpo0Q</latexit><latexit sha1_base64="Qk7 DGQH3OPJEXif4nPfbwBLKqno=">AAAB6XicbVA9SwNBEJ2LXzF +RS1tFoNgFfZE0DJgYxnFxEByhL3NXrJkb+/YnRPCkX9gY6GI rf/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R 9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbjm5n/+CSM lYl+wEkqgpgNtYwkZ+ikeyT9ao3W6RxklfgFqUGBZr/61RskP IuFRq6YtV2fphjkzKDkSkwrvcyKlPExG4quo5rFwgb5/NIpOXP KgESJcaWRzNXfEzmLrZ3EoeuMGY7ssjcT//O6GUbXQS51mqHQ fLEoyhTBhMzeJgNpBEc1cYRxI92thI+YYRxdOBUXgr/88ippX9 R9WvfvLmsNWsRRhhM4hXPw4QoacAtNaAGHCJ7hFd68sffivXs fi9aSV8wcwx94nz8wpo0Q</latexit><latexit sha1_base64="Qk7 DGQH3OPJEXif4nPfbwBLKqno=">AAAB6XicbVA9SwNBEJ2LXzF +RS1tFoNgFfZE0DJgYxnFxEByhL3NXrJkb+/YnRPCkX9gY6GI rf/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R 9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbjm5n/+CSM lYl+wEkqgpgNtYwkZ+ikeyT9ao3W6RxklfgFqUGBZr/61RskP IuFRq6YtV2fphjkzKDkSkwrvcyKlPExG4quo5rFwgb5/NIpOXP KgESJcaWRzNXfEzmLrZ3EoeuMGY7ssjcT//O6GUbXQS51mqHQ fLEoyhTBhMzeJgNpBEc1cYRxI92thI+YYRxdOBUXgr/88ippX9 R9WvfvLmsNWsRRhhM4hXPw4QoacAtNaAGHCJ7hFd68sffivXs fi9aSV8wcwx94nz8wpo0Q</latexit><latexit sha1_base64="Qk7 DGQH3OPJEXif4nPfbwBLKqno=">AAAB6XicbVA9SwNBEJ2LXzF +RS1tFoNgFfZE0DJgYxnFxEByhL3NXrJkb+/YnRPCkX9gY6GI rf/Izn/jJrlCEx8MPN6bYWZemCppkdJvr7S2vrG5Vd6u7Ozu7R 9UD4/aNskMFy2eqMR0QmaFklq0UKISndQIFodKPIbjm5n/+CSM lYl+wEkqgpgNtYwkZ+ikeyT9ao3W6RxklfgFqUGBZr/61RskP IuFRq6YtV2fphjkzKDkSkwrvcyKlPExG4quo5rFwgb5/NIpOXP KgESJcaWRzNXfEzmLrZ3EoeuMGY7ssjcT//O6GUbXQS51mqHQ fLEoyhTBhMzeJgNpBEc1cYRxI92thI+YYRxdOBUXgr/88ippX9 R9WvfvLmsNWsRRhhM4hXPw4QoacAtNaAGHCJ7hFd68sffivXs fi9aSV8wcwx94nz8wpo0Q</latexit>
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Figure 2
The two geometries are pasted along the red line in Figure 2. We consider the slice at
constant t (blue line in Figure 2). We put a cutoff at r = rc large. The volume of this slice
at vacuum is given by
Volvacuum = Vol(ΩD−2)
∫ rc
0
dr√
f(r)
rD−2
Shortly after the perturbation falls in, we consider the volume of the same slice:
Volperturbed(t) = Vol(ΩD−2)
∫ rp(t)
0
dr√
f(r)
rD−2 + Vol(ΩD−2)
∫ R
rp(t)
dr√
f˜(r)
rD−2
where rp(t) is the location of the object.
For D ≥ 3, we have
rD−2√
r2
l2
+ 1− 2m
rD−3
− r
D−2√
r2
l2
+ 1
=
rD−2√
r2
l2
+ 1− 2m
rD−3
√
r2
l2
+ 1
(√
r2
l2
+ 1− 2m
rD−3 +
√
r2
l2
+ 1
) 2m
rD−3
=
l3m
r2
(
1 +O( l
2
r2
)
)
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We have
∆C(t) = D − 2
4GN l
Vol(ΩD−2)
l3m
rp(t)
=
2piEl2
rp(t)
From (3.9), l
rp
≈ t
l
, we have
∆C(t) = 2piEt
This is the same as (4.16) from circuit consideration.
5 Complexity increase and the growth of momentum
In AdS2, the radial momentum of a particle is related to the rate of increase of the
complexity[4][5]: 2piP = dC
dt
. We will generalize this relation to higher dimensions. We
propose the following relation:
λ¯
2pi
dC
dt
= 2piP (5.19)
where λ¯ is the dimensionless boundary wavelength of the excitation. Note that λ¯
2pi
= β
2pil
at near Rindler region in D ≥ 3.
The left side of (5.19) is boundary quantity while the right side is bulk quantity. One
can define λ¯ as the radius of gyration in [15]:
λ¯ =
2piR¯
l
.
The growth of λ¯ reflects that the perturbation is flowing from UV towards IR. From UV-IR
connection, λ¯ is reflected in the radial location of the particle in the bulk.
In AdS2 throat,
λ¯
2pi
∼ 1 and (5.19) reduces to (2.4). Let’s look at other examples.
5.1 Vacuum AdS
Consider vacuum AdS in coordinates (3.7). We consider the regime where r  l so we
can ignore 1 in r
2
l2
+ 1. For a massless particle with energy E falling in such a geometry,
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its radial momentum is given by
P (t) =
E√
f(rp(t))
=
El
rp(t)
On the other hand, earlier we’ve seen that the complexity grow as C(t) = C0 + 2piEt,
λ¯(t)
2pi
= t
l
, and l
rp(t)
= t
l
. Combining these one can check that (5.19) holds.
5.2 Large black hole in AdS
The above discussion of size increase in vacuum AdS can be fit together with scrambling
regime at finite temperature. Consider a BTZ black hole. From section 3.2,
λ¯
2pi
=
l
r
=
l
rh
tanh
(rh
l2
t
)
(5.20)
The momentum of an infalling massless particle is given by
2piP =
{
2piE√
f(r)
= 2piEl
rh
sinh
(
rh
l2
t
)
t < β
2pi
log S
δS
S
l
t > β
2pi
log S
δS
(5.21)
The saturation of momentum after scrambling time was discussed in [5]. Roughly speaking,
after scrambling time the backreaction becomes significant. Further time evolution will
make the wormhole longer and does nothing to the particle deep in the interior. In Figure
3, we draw the maximal volume slice at two different times after scrambling time. We see
that, as time increases, we simply add a piece to the outer edge of the wormhole. The
intersection of the maximal volume slice with the infalling particle no longer changes.
tw
<latexit sha1_base64="96X23WBG+K41U48aUJzy Q37PYTI=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlRfsDbSiT6aQdOpmEmRsllL6A4FZf w5249S18Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDR QoeTvRnEaB5K1gdDP1W49cGxGrB8wS7kd0oEQoGEUr3WPvqVeuuFV3NmQVvBwqkE+9V/7p9mOWRlwhk9SY jucm6I+pRsEkn5S6qeEJZSM64B2Likbc+ONZ1Ak5s0qfhLG2TyGZqX8vxjQyJosCuxlRHJplbyr+6yXDzA hmrJfTYg4Mr/2xUEmKXLF5jDCVBGMybYX0heYMZWaBMi3sTwgbUk0Z2u5KtiJvuZBVaF5UPbfq3V1Wam5e VhFO4BTOwYMrqMEt1KEBDAbwAq/w5jw7786H8zlfLTj5zTEsjPP1C+InmkY=</latexit><latexit sha1_base64="96X23WBG+K41U48aUJzy Q37PYTI=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlRfsDbSiT6aQdOpmEmRsllL6A4FZf w5249S18Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDR QoeTvRnEaB5K1gdDP1W49cGxGrB8wS7kd0oEQoGEUr3WPvqVeuuFV3NmQVvBwqkE+9V/7p9mOWRlwhk9SY jucm6I+pRsEkn5S6qeEJZSM64B2Likbc+ONZ1Ak5s0qfhLG2TyGZqX8vxjQyJosCuxlRHJplbyr+6yXDzA hmrJfTYg4Mr/2xUEmKXLF5jDCVBGMybYX0heYMZWaBMi3sTwgbUk0Z2u5KtiJvuZBVaF5UPbfq3V1Wam5e VhFO4BTOwYMrqMEt1KEBDAbwAq/w5jw7786H8zlfLTj5zTEsjPP1C+InmkY=</latexit><latexit sha1_base64="96X23WBG+K41U48aUJzy Q37PYTI=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlRfsDbSiT6aQdOpmEmRsllL6A4FZf w5249S18Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDR QoeTvRnEaB5K1gdDP1W49cGxGrB8wS7kd0oEQoGEUr3WPvqVeuuFV3NmQVvBwqkE+9V/7p9mOWRlwhk9SY jucm6I+pRsEkn5S6qeEJZSM64B2Likbc+ONZ1Ak5s0qfhLG2TyGZqX8vxjQyJosCuxlRHJplbyr+6yXDzA hmrJfTYg4Mr/2xUEmKXLF5jDCVBGMybYX0heYMZWaBMi3sTwgbUk0Z2u5KtiJvuZBVaF5UPbfq3V1Wam5e VhFO4BTOwYMrqMEt1KEBDAbwAq/w5jw7786H8zlfLTj5zTEsjPP1C+InmkY=</latexit><latexit sha1_base64="96X23WBG+K41U48aUJzy Q37PYTI=">AAACCHicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlRfsDbSiT6aQdOpmEmRsllL6A4FZf w5249S18Cx/BaZuFbb0w8HHOvXDmBIkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDR QoeTvRnEaB5K1gdDP1W49cGxGrB8wS7kd0oEQoGEUr3WPvqVeuuFV3NmQVvBwqkE+9V/7p9mOWRlwhk9SY jucm6I+pRsEkn5S6qeEJZSM64B2Likbc+ONZ1Ak5s0qfhLG2TyGZqX8vxjQyJosCuxlRHJplbyr+6yXDzA hmrJfTYg4Mr/2xUEmKXLF5jDCVBGMybYX0heYMZWaBMi3sTwgbUk0Z2u5KtiJvuZBVaF5UPbfq3V1Wam5e VhFO4BTOwYMrqMEt1KEBDAbwAq/w5jw7786H8zlfLTj5zTEsjPP1C+InmkY=</latexit>
tw + t⇤
<latexit sha1_base64="mh4sIGtzGdiw/G1zPYuV EXSMoyI=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaLIAolEUGXBTcuK9hWaEOYTCft0MkPMzdKCH0Fwa2+ hjtx6zv4Fj6C0zYL23ph4OOce+HM8RMpNNr2t1VaWV1b3yhvVra2d3b3qvsHbR2nivEWi2WsHnyquRQRb6 FAyR8SxWnoS97xRzcTv/PIlRZxdI9Zwt2QDiIRCEbRSB30ns7RO/OqNbtuT4csg1NADYppetWfXj9macgj ZJJq3XXsBN2cKhRM8nGll2qeUDaiA941GNGQazefxh2TE6P0SRAr8yIkU/XvRU5DrbPQN5shxaFe9Cbiv1 4yzLRg2ngFzefA4NrNRZSkyCM2ixGkkmBMJs2QvlCcocwMUKaE+QlhQ6ooQ9NfxVTkLBayDO2LumPXnbvL WsMuyirDERzDKThwBQ24hSa0gMEIXuAV3qxn6936sD5nqyWruDmEubG+fgFguJuW</latexit><latexit sha1_base64="mh4sIGtzGdiw/G1zPYuV EXSMoyI=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaLIAolEUGXBTcuK9hWaEOYTCft0MkPMzdKCH0Fwa2+ hjtx6zv4Fj6C0zYL23ph4OOce+HM8RMpNNr2t1VaWV1b3yhvVra2d3b3qvsHbR2nivEWi2WsHnyquRQRb6 FAyR8SxWnoS97xRzcTv/PIlRZxdI9Zwt2QDiIRCEbRSB30ns7RO/OqNbtuT4csg1NADYppetWfXj9macgj ZJJq3XXsBN2cKhRM8nGll2qeUDaiA941GNGQazefxh2TE6P0SRAr8yIkU/XvRU5DrbPQN5shxaFe9Cbiv1 4yzLRg2ngFzefA4NrNRZSkyCM2ixGkkmBMJs2QvlCcocwMUKaE+QlhQ6ooQ9NfxVTkLBayDO2LumPXnbvL WsMuyirDERzDKThwBQ24hSa0gMEIXuAV3qxn6936sD5nqyWruDmEubG+fgFguJuW</latexit><latexit sha1_base64="mh4sIGtzGdiw/G1zPYuV EXSMoyI=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaLIAolEUGXBTcuK9hWaEOYTCft0MkPMzdKCH0Fwa2+ hjtx6zv4Fj6C0zYL23ph4OOce+HM8RMpNNr2t1VaWV1b3yhvVra2d3b3qvsHbR2nivEWi2WsHnyquRQRb6 FAyR8SxWnoS97xRzcTv/PIlRZxdI9Zwt2QDiIRCEbRSB30ns7RO/OqNbtuT4csg1NADYppetWfXj9macgj ZJJq3XXsBN2cKhRM8nGll2qeUDaiA941GNGQazefxh2TE6P0SRAr8yIkU/XvRU5DrbPQN5shxaFe9Cbiv1 4yzLRg2ngFzefA4NrNRZSkyCM2ixGkkmBMJs2QvlCcocwMUKaE+QlhQ6ooQ9NfxVTkLBayDO2LumPXnbvL WsMuyirDERzDKThwBQ24hSa0gMEIXuAV3qxn6936sD5nqyWruDmEubG+fgFguJuW</latexit><latexit sha1_base64="mh4sIGtzGdiw/G1zPYuV EXSMoyI=">AAACDHicbZDNSsNAFIVv6l+tf1WXbgaLIAolEUGXBTcuK9hWaEOYTCft0MkPMzdKCH0Fwa2+ hjtx6zv4Fj6C0zYL23ph4OOce+HM8RMpNNr2t1VaWV1b3yhvVra2d3b3qvsHbR2nivEWi2WsHnyquRQRb6 FAyR8SxWnoS97xRzcTv/PIlRZxdI9Zwt2QDiIRCEbRSB30ns7RO/OqNbtuT4csg1NADYppetWfXj9macgj ZJJq3XXsBN2cKhRM8nGll2qeUDaiA941GNGQazefxh2TE6P0SRAr8yIkU/XvRU5DrbPQN5shxaFe9Cbiv1 4yzLRg2ngFzefA4NrNRZSkyCM2ixGkkmBMJs2QvlCcocwMUKaE+QlhQ6ooQ9NfxVTkLBayDO2LumPXnbvL WsMuyirDERzDKThwBQ24hSa0gMEIXuAV3qxn6936sD5nqyWruDmEubG+fgFguJuW</latexit>
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If we plug (5.20)(5.21) into (5.19), we get
∆C(t) =
{
2piEl2
rh
sinh
(
rh
l2
t
)
t < t∗
St t > t∗
=

2piEt t < l
2
rh
δSe
rh
l2
t l2
rh
< t < β
2pi
log S
δS
St t > β
2pi
log S
δS
(5.22)
(5.22) is exactly what one expected about complexity from earlier discussions in (4.16)(4.17).
6 Conclusions
In this paper we studied the connections between operator size growth, complexity in-
crease, and bulk radial momentum in spacetime dimension D ≥ 3. We used a gluon-
splitting model to study the operator growth and complexity increase in vacuum regime,
and matched our result with CV calculation. We found a formula relating complexity
increase to radial momentum that works in any spacetime dimension, from the time that
the perturbation just comes in from the cutoff boundary, to after the scrambling time.
In the case of JT gravity and SYK, one can derive the relation between complexity
and momentum from considerations of symmetry generators[5], or one can consider the
Schwarzian boundary as a non-relativistic system and apply Newton’s law[4]. On the other
hand, so far our formula relating the complexity to radial momentum (5.19) is empirical.
It would be be nice give a first principle derivation of it or have something analogous to
the non-relativistic system in the case of JT/SYK.
Acknowledgments
We thank Henry Lin, Alex Mousatov, and Steve Shenker for helpful discussions. Y.Z.
thanks SITP for hospitality when part of this work was done. Y.Z. is supported by the
Simons foundation through the It from Qubit Collaboration.
References
[1] L. Susskind, “Why do Things Fall?,” [arXiv:1802.01198 [hep-th]].
14
[2] A. R. Brown, H. Gharibyan, A. Streicher, L. Susskind, L. Thorlacius and Y. Zhao,
“Falling Toward Charged Black Holes,” Phys. Rev. D 98, no.12, 126016 (2018)
doi:10.1103/PhysRevD.98.126016 [arXiv:1804.04156 [hep-th]].
[3] X. Qi and A. Streicher, “Quantum Epidemiology: Operator Growth, Thermal Effects,
and SYK,” JHEP 08, 012 (2019) doi:10.1007/JHEP08(2019)012 [arXiv:1810.11958
[hep-th]].
[4] L. Susskind, “Complexity and Newton’s Laws,” [arXiv:1904.12819 [hep-th]].
[5] H. W. Lin, J. Maldacena and Y. Zhao, “Symmetries Near the Horizon,” JHEP 08, 049
(2019) doi:10.1007/JHEP08(2019)049 [arXiv:1904.12820 [hep-th]]. LaTeX (US)
[6] Y. Sekino and L. Susskind, “Fast Scramblers,” JHEP 10, 065 (2008) doi:10.1088/1126-
6708/2008/10/065 [arXiv:0808.2096 [hep-th]].
[7] S. H. Shenker and D. Stanford, “Black holes and the butterfly effect,” JHEP 03, 067
(2014) doi:10.1007/JHEP03(2014)067 [arXiv:1306.0622 [hep-th]].
[8] D. Stanford and L. Susskind, “Complexity and Shock Wave Geometries,” Phys. Rev. D
90, no. 12, 126007 (2014) doi:10.1103/PhysRevD.90.126007 [arXiv:1406.2678 [hep-th]].
[9] L. Susskind and Y. Zhao, “Switchbacks and the Bridge to Nowhere,” arXiv:1408.2823
[hep-th].
[10] D. A. Roberts, D. Stanford and L. Susskind, “Localized shocks,” JHEP 03, 051 (2015)
doi:10.1007/JHEP03(2015)051 [arXiv:1409.8180 [hep-th]].
[11] D. A. Roberts, D. Stanford and A. Streicher, “Operator growth in the SYK model,”
JHEP 06, 122 (2018) doi:10.1007/JHEP06(2018)122 [arXiv:1802.02633 [hep-th]].
[12] B. Swingle, “Entanglement Renormalization and Holography,” Phys. Rev. D 86,
065007 (2012) doi:10.1103/PhysRevD.86.065007 [arXiv:0905.1317 [cond-mat.str-el]].
[13] B. Swingle, “Constructing holographic spacetimes using entanglement renormaliza-
tion,” [arXiv:1209.3304 [hep-th]].
[14] L. Susskind and E. Witten, “The Holographic bound in anti-de Sitter space,”
[arXiv:hep-th/9805114 [hep-th]].
15
[15] S. R. Coleman and L. Smarr, “Are There Geon Analogs in Sourceless Gauge-Field
Theories?,” Commun. Math. Phys. 56, 1 (1977). doi:10.1007/BF01611115
[16] J. L. Barbn, J. Martn-Garca and M. Sasieta, [arXiv:1912.05996 [hep-th]].
[17] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle and Y. Zhao, “Holographic
Complexity Equals Bulk Action?,” Phys. Rev. Lett. 116, no.19, 191301 (2016)
doi:10.1103/PhysRevLett.116.191301 [arXiv:1509.07876 [hep-th]].
[18] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle and Y. Zhao, “Com-
plexity, action, and black holes,” Phys. Rev. D 93, no.8, 086006 (2016)
doi:10.1103/PhysRevD.93.086006 [arXiv:1512.04993 [hep-th]].
[19] Y. Zhao, “Complexity and Boost Symmetry,” Phys. Rev. D 98, no.8, 086011 (2018)
doi:10.1103/PhysRevD.98.086011 [arXiv:1702.03957 [hep-th]].
16
